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ABSTRACT

Recently, T two finite integrals involving the homogeneous hypergeometric function and the
modified multivariable H function have been evaluated. During this work, we established two
unified finite integrals whose integrands are the product of the multivariable Aleph function, the
homogeneous generalized hypergeometric function and the Gegenbauer polynomial. Several
corollaries and remarks will be cited at the end of our study.
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1 INTRODUCTION

Gour and Singh [1] are interested in two finite integrals involving the homogeneous hypergeometric
function [2], the modified multivariable H-function [3] and the Gegenbauer polynomial [4, CH.17].
From this work, the authors generalize the integrals cited above, replacing the modified multivariable
H-function by the multivariable Aleph- function.

First, we define these two functions mentioned above. In the second section, we will see two required
results concerning the Gegenbauer polynomial. The fundamental results will be given in the third
section. In the last section, we will see several special cases and observations.

The homogeneous generalized hypergeometric function ,B, (ap, Bg; Z) introduced by Basister [2]:

Zn

(al)n---(ap)n

qu(“p’ﬁq?Z) = Ziomﬂ(“mn; Bq+n 0) (1.1)

n!

where Q(.) is generalized modified Struve function ([2], p. 96) defined as
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Q(a,c,z) = 'lA—a)T(c)T(1+a—-c)

1+

() (1 ana)f (1+u)a 1(1 u)c—a—l du

21+cn-26w7rc

( 1+)
+(1 p2wma(c— a)) f (1+u)“ 1(1 w)c-- Tdu (1.2)

where w = V-1, ER(,Bq) > ‘R(ﬁp), the series (1.1) converges for all zif p < g; series converges for |z|
<1lifp = q+ 1;itdivergesifp > g+ 1. Here weimpose2 <p < q + 1.

The multivariable Aleph-function [5] is a unified special function of several variables. It generalizes
the multivariable I-function [6], which itself is an extension of the multivariable H-function [7,8], see
the recent papers [9] and [10]. In passing, we note that the multivariable Aleph-function is a
unification of the multivariable H-function and the Aleph-function of one variable [11]. Its integral
representation is:

z
( _1 A: C\
. 1 .
R(z1, 2, 0 2p) = Ng’;Z‘f_n;R;w : = th fLrlP(fl' &) [Tizq (qbl-(fl-)zf‘) déy ... dé;
z, B:D
(1.3)
where w = vV—1,

V =mn;myn,; ...;men,

W =p,w,q,0,T,0; RY, .,p;m, ¢, T,00; RT

A= (aj, 1(1),...,a]-(r))l,n].[Ti(ajiiaj(il)"" J(lr))n+1,pi]

(W@ ® @ @ )
C: c Y; ]l i ) 'JI:C D& ]I i (7 C--r' - (r

( j Y )1_n1 [T @ ( G y”(l))nlﬂ.pim] (1 Y; )1,nr T, ( 710 Yy ))nr"'l'pi(r)

— ® )]
5= [noti2 ),
D
=(a®, sV ] (49,85 [ d™,s" ] o (92,6
[( J J )1,7711 Tl(l)( i 11(1))m1+1’qi(1) ( J J )1,mr T )( i ]l(r))mr‘l'Lqi(r)

and
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H7=1 (1 a]"'Zk 1 Jk)fk)
SRy D= By @S 8k ) L, T(1-bji+ They B 81|

Y1 sér) = (1.4)

Hmk r d(k)—é‘(k)f nk 1—~ 1— C(k) (k)f
¢k(€k) = R L( ) ( ) ( )

(k) (k () (k) (k)
2k _q | Tt T1;2 mk+1r<1 d (k)+5ﬂ(k)fk>nllnk+1r( i) Vﬂ(k)fk)]

(1.5)

the parameters a;(j = 1, ...,p), b;(j = 1, ...,q),c.(k)(j =1, ...,nk),cj(l.li,){)(j =n,+1, ...,pi(k)), d}k)(]' =
1,..,my), d}f&)(j =my +1, ...,qi(k)) (k=1,..,r;5i=1,..,R and i® =1,..,R®) are complex

numbers. Also a’s, 8’s, y’s and §’s is assumed to be positive real numbers for standardization purpose
such that

k) _ (k) o Py (k) (k) my (k)
v = J 14 +le] =n+1%ji +Z} 1V] ZJ 1 L(k)_TiZ 1Bji Zj=k15j —
a0 k
Ti(k) j=my+1 6](1(1)() (16)

The real numbers7; >0 (i = 1,...,R)and 7,40 > 0 (i = 1, ..., R).

The contour is in the s, -plane and run from o — woo to ¢ + woo, where ¢ is a real number with loop,
if necessary, ensure that the poles of T (d}k) — 5j(k)f ) with j = 1, ..., my, are separated from those of
F(l—aj + Y= 10(( )Ek) withj=1,. nandF( (k) +yjk)<$ )w1th] =1, ..., ny to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can
be obtained by extension of the corresponding conditions for multivariable H-function as:

1
larg z;| < —Agk)n

2
where
k k k k (k) k k
A() ;110(]()_1.121 . ](l)_TiZ B()+Z] 1)/} _Tl(k)zjlnk+1 (l(l)€)+zmk st _
a4 k
l( )Z_]L mk+1 ](l(i) > 0 (17)

withk=1,..,r5i=1,...,Rand i) = 1, ...,R(k). For more details, one can refer [1].

2 REQUIRED RESULTS

For the Gegenbauer polynomial [4, Ch.17], we use the integral ([12], Eq.4, p.1221) and take x = 1 —
2y? , we get this relation.
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Lemma 1.
f01 ch(1-2y*)(1 - yZ)l‘%yZ/l+2u+2v dy = uvr’—(iu (—1)m1r:!m+m r(u::_t::;)rr(gtz:i)“1) 21)
where
i)
Atu+v> —%,Cfn(x) = (20)m b I )
(v+2)
and PT;“'“) (.) is the Jacobi polynomial.
Lemma 2 ([4], Eq.1, p.276).
(1—2xh+h®)*=32_ CA(x)A™ (2.2)

3 MAIN INTEGRAL FORMULAS

In this part, we determine the expressions of two unified finite integrals. For that, we will apply the
results of the previous section.

Theorem 1.

. _ a® )
Ifo; >00 =1, ...,T‘),iR(ﬂq) > ‘R(ap) for0<p<q+1,RA+p+Yi_ lér}ér}ni]% ﬁ > _Eand

t j
larg z;| < %Agk)n then the following formula holds
2\o
1 . :
j Ch(1=2y?) (1 =y 2y? 2 B (s, B V) IR o e | - dy
0 Gy2yerl PP
Vo (=1)™T'(m + 22) 2, (ay) ...(ap) 2k

= kQ(“ +io B +k'0)Z_
44T (2) m! S B~ (Bg), 7T M

x°1 1
. (—k—u:al,...,ar),(g—k—u—A:al,...,ar),A:C

on+2:v

XRps2qitzeRw | - (3.1)

x.g'r B,(-k—u+m:oy,..,0.),(-k—u—m-—22:04,..,0,): D
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Theorem 2.

d(L)

1
> —= and

If ;>0i=1,..,7), i}%(ﬁq) > iR(ap) for 0<p<q+1,RW+X_ 1rr]un R (1) >

larg z;| < %Agk)n then the following formula holds

((xylz)al A: C\

[N R EO DN S B
0 . |
Gey2yerl PP
_ Vm (=D)™I(n+22) o (@) - (a p)k 42k
T T(Y) Zo Br - (ﬁq) U @p i By 0)

01
(x- I (—k—u:al,...,ar),e—k—u—/l:al,...,ar),A:C ]
on+2:v
x Np?l—-; qi+2,Ti;R;W ' (3-2)

Or B,(-k—u+m:0y,..,0.),(-k—u—m-—224:04,..,06,.): D

Proof of Theorem 1 and 2: To prove the first theorem, On the left-hand side of (3.1), we apply the
definition of the homogeneous hypergeometric function ,B, (ap,ﬁq; Z) by (1.1), expressing the
multivariable Aleph-function with the help of the integral representation defined by (1.3) and then

interchange the order of integrations and summations, (possible under the conditions set), we can
write (say I):

2yo0
) YD 4. e
I =JC%n(1_2y2) 1-y ) 21+2u pBq(as, Be: (zy) )Ngln;;ri;R;W : dy

’ Gey?yerlB:D

_ (al)k (ap)k 72 ‘.
_kzom (ap+k'ﬁq+k' )k' (Zmu)rf fl/i(fl,.. fr)l_[ ¢(fL)Z )

x ([} CAQL — 2y%) (1 — y?)* my2ramzierSinodigy) ag, ..dg, (33)

we calculate the inner integral by applying the lemma 1 and acquire following:

_ VT GO+ 2) N @i - (), 72k
O ;<ﬁl>k (8a), Wty e 0)
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Gy J, | et ]_[ (suc6075")

F(utk+3, o1+ 1) (utk+3], 038 +2+3) 4 4
I(u+k+3l_, 0i&—-m+1)T(u+k+3l_, 0;§;+m+22+1) §1dSy

(3.4)

Now, using the multiple integrals contour as an Aleph function of several complex variables, the
equation (3.1) is obtained. To prove the second theorem, we use the lemma 2, by putting x = 1 — 2y?,
we have the relation:

(4yH)™ = Xm=o Cn(1 — 2y%) (3.5)
multiplying both sides of (3.5) by
2
SRR
2yA—5. 22+2u 2\ 0NV '
(1 -y ) zy qu (aSJ ﬁt: (Zy) )Npi,qi,ri;R;W . (36)
Gey2)er P

and integrating with respect to y between 0 to 1, this gives:

2\O:
) (xy=)er A
1 . .
A~ f (1 =y 2y2 B (a5, Be: @)IRISY ot dy
’ (xytyer| PP
(xy?)°s AC
1 -3 ) e .
= f() (1 - yZ) 2 y2u+2/1 Zm=0 Cr)rLl(l - 2}’2) qu (as' Bt: (Zy)z)xg;lql;‘ci;R;W ' dy (37)
(xy?)or|B:D

we permute the order of integral and summation (this is permissible according to the conditions
imposed), we have (say ]):

(xy?)o
A:C
0 1.2 2 2\A 2 Jut2a 2450,V ( ' 1
] =2m=0 fo Crn(1=2y9)(1—y")" 2y qu(as:,Bt: (zy) )Npi,qi,‘ti;R;W . dy (3.8)
Gyt PP

and using the formula (3.1), we get the expression (3.2).
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4 SPECIAL CASES

In this section, we give some cases and remarks. We will use the Aleph-function of two variables
defined by Kumar [13] and Sharma [14], the I-function of two variables studied by Sharma and
Mishra [15], the multivariable H-function due to Srivastava and Panda [7,8], the Aleph-function of
one variable described by Siidland et al. [11] and the I-function introduced by Saxena [16].

(i) If r = 2, the multivariable Aleph-function reduces to Aleph-function of two variables. We note for
convenience:

Ay = :(aj?“j'Aj)l,nl]'[Ti(aﬁi“ﬁ'Aﬁ)nlﬂ,p] B, = [Tz( Jl'ﬁfi'B]'i)Lqi]
C, = :(eryj)l‘nZ]J[Ti' (Cji”yjl natipy ] [(e],E) [Ti” (eji”'yji”)n3+1,piu]

D, = :(dj"sj)l,mz]'[fi’ (dji"dji’)m2+1,qi,] ; [(fl )1m ] [T " ( fjirns F )m3+1,qi,,]

We obtain easily the integrals involving the Aleph-function of two variables by using the Theorem 1
as

Corollary 1
1 2
-3 n: (xy©)°t|Az: C
f Ch(1-2y%) (1 —y?) " 2y?M2% B (ag, By (Z}’)z)xgzlqzq;;a;w{ 2y0, BZ; DZ d
J (xy®)72152: D2
1
0,11 +2;my,np;ma N3 {xal (—k —u:0y,07), (E —k-u—Aoy, 02)’A2: C2 }
Pit+2,qi+2,Tpp . q T P Tt | x92 Bz: (—k —u+m: 0_1’0_2)’ (—k —u—-m-=21 0-1’0-2): D2
(4.1)

while respecting the conditions mentioned in (3.1) with r = 2.

We have the second integral involving the Aleph-function of two variables by applying the Theorem
2.

Corollary 2

(xy)7
(xy?)”

Az:Cz}d

1
AL . 2\ 0V
f(l — )" 2y By (as, Br: (zy) )Npi»qi'fi"R"W{ By: D,

2k

VI O (D)™ (m + 20) ¢ @i - (@), z
= QayeiB,.,0) 4
rd) Z “ ('31) '"('Bq)k ( p+io P gtk ) k!
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1
% ROMF2Ma Nz Mg N3 x%1 (=k —ui0y,0,), (5 —k—u—Aioy, 02)'142: G,
i+2,qi+ 2,570, T 0 qun Tt | 02
PITSATSTTR A TPy An BT A X2 R, (—k — u + m: 0y, 03), (—k —u —m — 2A: 0y, 0,): D,
(4.2)

valid while respecting the conditions given in (3.2) withr = 2.

(i) If =, 7,7, T;7 = 1, we obtain the I-function of two variables, we pose to simplify the expressions:

A3 = :(aﬁ “j'Aj)l,nl]'[(aﬁ;“w )n1+1p] B; = [( Jur’)’ﬁ'Bﬁ)l,qi]
;= :(Cf'yf)l,nz] , [(Cji” yji’)n2+1,pi/] ) [(ef’ Ej)1,n3] ’ [(eji”’yji”)ns+1,piu]

D3 = :(dj'sj)l’mz]’[(dji”sji’)m2+1'qi ] [(fJ 1)1m ] [( Jl”’FJl )m3+1,qin]

and we get the integrals about the I-function of two variables as:

Corollary 3
1 ( 2)0‘
/1__ n: xy“)°1|A5: C
f Ch(1 - 2y%) (1 — y2) 2y?M42u B (ay, f: (Z}’)Z)ISiZKR;W {(xyz)"z B;: Dz}
0
VT (=1)™T(m + 22) i (@) - (ap), (0 f 0) 2%

= a ’ 4

e B (Bg),, T

1
0,1 +2;my My ;M Ns {xal (—k —Uu:oq, 0'2), (E —k—u-A 04, 02) ;AS: C3 } (4 3)
Pit2,qik27pn, QT 5Pyt | x 92 Bs,(—k —u +m:0y,0,),(—k —u—m —24:0,,0,): D3

while respecting the conditions (3.1) withr = 2 and a; > 0 (i = 1,2).

Corollary 4
i 1 (xy?)°
-1 on:v xy*“)°tAs:C
f(l —y2) T2y »Bq (as, Be: (zy) )Iplr;lrl SRW {(xyZ)az B,j Dz}
0
Z (- 1)mF(m +22) o (@) - (ap)k Q (a B O) z*
ptioPatikr ¥ ) o1
) &6, (8,), k!
1
0,n1+2;my,np;m3,n3 {xal (~k ~w:03,0), (E —k-u-lio, 02) Aai G } (4.4)
Pit2.qit 2Dy, aT 5Py dpnt | x2 Bs,(—k—u+m:0y,0,),(—k —u—m—2A:04,0,):D;
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while respecting the conditions (3.1) withr = 2 and ¢; > 0 (i = 1,2).

(iii) Converting the multivariable Aleph-function into multivariable H-function [7,8], and using
following notations to simplify the formulas

A, = (a], @, m'aj(r))l,p; B, = [(bjiﬁf’ ""[’)f(r))l,q]

C4- = (Cj,' y]{)l'lh; e (Cj(r)! y]'(r))l,pr; D4 = (dj,'6j,)1_q1; - (d](r)’ 6j(r))1’qr

Corollary 5
1
f Ch(1—2y) (1 = y»)* 2?2424 By (as, Be: (29) ) Hyy %{Exiziaz 3;‘ gi}
0
Vo (=1)™T'(m+ 22) S (%)k---(“p)k 72k
= Q a k;ﬁ lO N
44T (1) m! “~ (Bl)k'"(ﬁq)k ( ptkr P g+k ) k!

(—k—u:0y,..0,), (%—k—u—l:al,...ar),A4:C4 }

« HOm+2v {x"l
2 YR 4
prear By, (—k —u+m:ay,..0.),(—k —u—m—22:04,..0,): D,

(4.5)
valid under the conditions (3.1) with 7;, 77, ..., T;» = 1.

Corollary 6

j (1 =y iy By e ey (07|44 £l

(xy?)2

2k

(- 1)mr( +22) @D - (@),
ru)z - Z . ,Bi)k p) .Q(ap+k',8q+k,0)zk—!

(—k —u:0q,...0,), (%—k—u—l:al,...ar),A4:C4 }
B4,( k—u+m:oy,..0.),(-k—u—m-—24:04,..0,): Dy

« HOm+2V x"l
DH2,q+2W

(4.6)
by respecting the conditions (3.2) with 7;, 7y, ..., 7;;n = 1.

(iv) Converting multivariable Aleph function into single variable Aleph function, and noting

45 = (@ 4), ) [ri (@i i)y, | Bs = [(85B), ] 17050 Bi) 1)
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Corollary 7
1
2 2 2\A—3 20+2u 2yx ) (xy?)? As
Cn(1=2y%) (1 —y5)" 2y, By (a5, Be: (zy) IRJLY dy
0 Bs
VI (D)™ + 22) o @Dk - (@), 0 (aps18,00) 72k
— a —_—
A ] p+lo P gy ]
4T (1) m! “ (Bl)k (ng)k k!
X
, (- k—ua)(——k—u /10)
g
;’ni""gzzi"'szi?r x (4.7)
Bs,(k—u+m:0),(—k—u—m—21:0)
while respecting the conditions of Aleph function of one variable [11].
Corollary 8
2 As
f(l Y22y B, (a i (Zy)Z)N{(xy ) }dy
Bs
(- 1)mr(m +21) o @k - (@), z2k
T Z 0 (“1” o Basio 0) k!
&8, (),
(—k —u:0), (——k u—A o)
g
xgt!étiﬂ wr)” (4.8)
Bs,(—k—u+m:0),(—k—u—m—21:0)
while respecting the conditions of Aleph function of one variable [11].
Remarks
Taking r = r' = r"" = 1 so we get similar relationships with the H-function of two variables [17]. We

have the similar integrals with others special functions of one and several variables, defined by [18],
[19,20], [3,21-23], [16,24], see also [25-27] and [28,29].

We can have more general formulas if the integrand contains several homogeneous hypergeometric
functions and several multivariable Aleph-functions by using the same process.
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CONCLUSION

The importance of our all the results lies in their manifold generality. Firstly, by specializing the
parameters as well as the variables of the Aleph-function of several complex variables, we obtain
many known and new finite integrals. Secondly, by specializing the parameters of the homogeneous
hypergeometric function, we can get a big variety of known and new results. Hence the formulae
derived in this paper are most general in character and may prove to be useful in several interesting
cases appearing in literature of Pure and Applied Mathematics and Mathematical Physics.
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