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ABSTRACT 
 

This paper represents the effects on internal resonance wave of metallic conductive ink in 
rotational motion behaviour. The internal resonance metallic conductive ink model is 
developed using the wave propagation approach. There are two equations derived from 
this which are impedance and stiffness. Based on these two equations, the multi-body 
metallic conductive ink model has been successfully derived in order to observe the 
behaviour of internal resonance, when force is applied at both ends of the model. The 
internal resonance wave was predicted, and the results have been recorded, and finally, the 
location of the internal resonance was identified. The maximum level of frequency recorded 
was at 10 kHz. It is believed that these results can be used in future analysis of metallic 
conductive ink in order to evaluate and investigate the range of the conductivity of ink 
with predictive method. 
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1.  INTRODUCTION  
 
Recently, many electronic products are being made using the micron size. [1]. This is because of 
the progressive advancement of technology in the future that will replace the current electronic 
packaging, rigid electronic and super scale packaging. Therefore, the revolution of micron-size 
technology is needed for tomorrow’s technology [2-3].   
 
Metallic conductive ink (MCI) has the capability to produce electrical conductivity in small 
value. Many conductive inks have been made by metal materials because the materials itself 
have high conductivity coefficients. In addition, the ink is capable of expanding, and it allows 
many applications to be used as a secondary circuit to operate the system [4]. However, until 
today, the level of conductivity of the ink can only be investigated and evaluated using an 
experimental approach [5]. Based on this approach, many efforts and financing have been used 
by engineers and researchers [6-7]. 
 
In this paper, the MCI model was developed using the modelling estimation and prediction 
approach for non-linear technique. In this study, the model was represented as a baseline MCI 
model with conductivity range. The conductivity material basically has been blended together 
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with polymer in order to have one shape. This prediction technique will be used in order to 
check and examine the range of conductivity of the MCI model. 
 

 
2. MATERIAL AND METHODS  
 

Consider a uniform stretchable conductive ink (SCI) model having L  length subjected to a 
longitudinal direction of force as shown in Figure 1. 

 
 
 
 
 
 
 
 
 

 
Figure 1. The uniform stretchable conductive ink model having L length subjected to a 

longitudinal direction of force. 

 
The general equation of motion for the SCI model can be represented as 
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where  Gcr  and  G  is complex shear modulus and    is density. 

 
By applying the forces at both ends of the SCI model, it generates the harmonic reaction and 
Eq. (1) produces negative and positive going wave in the microstructure reaction, and it is 
represented in Figure 2 and the new equation is illustrated in Eq. (2). 

 
 
 
 
 
 
 

Figure 2. Forces are applied at both ends of the stretchable conductive ink model and it 
produces negative and positive going wave in microstructure reaction 
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where rA  and rB  are complex wave amplitudes. 

 
For rotational of SCI model, shear wavenumber equation can be represented as 
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At point impedance, it is said that the SCI model at each end are equal due to symmetry. 
Based on this theoretical understanding, it becomes 
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By applying Hooke Law at 0x  , the previous equation can be written as 
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According to Eq. (5), the new equation can be given as 
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where rr JG  , rJ is polar second moment of area of SCI model based on rectangular shape. 

 
At boundary condition Lx  , the equation become 
 
    0 LujLu                                        (7) 

 
By substituting Eq. (2) into Eq. (6) and Eq. (7), and letting the boundary condition at 0x  and 

Lx  , Eq. (6) can be rearranged as 
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Then, it is followed by Eq. (7), 
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By simplifying Eq. (9), the equation becomes 
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Finally, the equations become 
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By substituting Eq. (11) into Eq. (2) and letting boundary condition at  0x , so 
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From Eq. (12), differentiate the equation into time and it gives 
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For transfer impedance, it is said that the SCI model at each end are equal to reciprocity [8 -9]. 
According to this statement, the impedance equation becomes 
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For 0x  and by applying Hooke Law again, it is still valid. Then, for 12Z  it becomes 

 
    000  uju                                         (15) 

 
By substituting Eq. (2) into Eq. (6) and Eq. (15) by letting boundary condition at 0x , the new 
equation becomes 
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Insert Eq. (16) into Eq. (2) and letting boundary condition at Lx  , the equation becomes 
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Take Eq. (17) and differentiate respect to time and the new equation becomes 
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The impedance matrix SCI model matrix is 
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By substituting rk  and r  for rotational internal resonance of SCI model, the equation becomes 
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By simplifying Eq. (20), 
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In matrix form for impedance of SCI model can be written as 
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Finally, the relationship between the equations in Eq. (21) to Eq. (24) can be simplified as 
below. 
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Impedance equation also can be written in stiffness domain for SCI model. In stiffness, the 
equation becomes 
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where h  is the thickness of the sample and A  is a cross sectional area for the hybrid vibration 
control model. 
 
According to Eq. (27), it can only be used for a singular body. In the multi-body system, both 
equations need to be arranged and matrix form is used. In singular body, the equation shown in 
Eq. (28). 
 

One DOF for SCI model  
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where 
 1

11K  refers to the stiffness for element 1 at coordinate (1,1), 
 1

12K  refers to the stiffness 

for element 1 at coordinate (1,2), 
 1

21K  refers to the stiffness for element 1 at coordinate (2,1) 

and 
 1

22K  refers to the stiffness for element 1 at coordinate (2,2). 

 
The coordinate can be plotted in the uniform SCI model and is shown in Figure 3. 

 
 
 
 
 
 
 
 
 

 
Figure 3. Coordinate for the stretchable conductive ink model. 

 
Based on the figure, the multi-body system for the SCI model, can be written in the matrix form. 
Additionally, the two, three and four bodies of hybrid control vibration system equation can be 
represented as 

 
Two bodies for SCI model  
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Three bodies for SCI model 
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Four bodies for SCI model 
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By following the pattern from Eq. (29) to Eq. (31), the multi-body matrix for the SCI model can 
be derived as 
 
Multi-body of SCI model 
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where n  is the maximum number of bodies. 

 
Equation (32) can be illustrated in the diagram with the length of the system being constant but 
divided into small parts. By doing this, the same system is presumed transferred to the multi-
body of SCI model. Figure 4 shows the multi-body diagram for SCI model. 

 

 
 

Figure 4. Multi-body diagram for SCI model.              
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3. RESULTS AND DISCUSSION 
 

Internal resonance wave effects are based on many factors which depend on the materials 
shape, properties, radius, length, thickness and most importantly the boundary condition of the 
materials during tests. All these factors have effects in terms of deformation, shear, 
compression, elongation and many more. Wave effects are more important for stretchable and 
flexible materials because the static stiffness is bigger than the rigid and non-flexible materials.  
 
Wave effects also can exchange the energy between conventional motion in the same or 
different direction. It occurs when the different motions in different directions interrupt the 
dynamic behavior and mostly affect the internal strength of the materials, and in this study, it 
affects the conductivity of the metallic materials itself. The internal resonances are produced by 
two methods which are impedance and stiffness.  
 
In impedance, the internal resonance location is detected at the longitudinal wave direction of 
SCI model. Based on these four locations, the internal resonance of SCI model occurs when the 
frequency reaches 1 kHz and above. At this frequency range, the internal wave is generated by 
applying tension force and then, it fluctuates at the end of the SCI model and is called the 
positive wave. After reaching the end, the direction of the internal wave changes and goes back 
to the initial boundary and is called the negative wave feedback.  
 
All these results are shown in Figure 5. In addition, internal resonance of the SCI model can also 
be plotted in stiffness and the results are shown in Figure 6. 
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Figure 5. Impedance for stretchable conductive ink model. 
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Figure 6. Stiffness for the stretchable conductive ink model. 

 
 
4. CONCLUSION 
 

This study represents the modelling estimation and prediction of the SCI model due to the 
internal resonance wave effect. There are two types of dynamic formulation, which are 
impedance and stiffness. The multi-body of the SCI model has been successfully, developed and 
based on the results, the internal resonance for the SCI model occurred at the same point and it 
was recorded at 10 kHz. One conclusion has been observed, these effects can be used to 
investigate and evaluate the conductivity performance of metallic based materials in the 
electronic packaging industry in the future.  
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