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Abstract—This paper investigates complexity of breast tissue structure and mathematical equations to 
describe their dielectric properties. Experimental breast tissue dielectric properties are compared to 
theoretical results from mathematical postulates to find their gaps. Polynomial fitting is then used to 
propose an analytical model (viz. improved first order relaxation Debye model) to bring theoretical 
results as close as possible to experimental results. The proposed model is able to bridge the gap 
efficiently by reducing 5.9 % average error. This will help researchers to consider actual tissue properties 
to develop real-like breast phantom for early breast cancer detection based researches. This would aid in 
faster experimental / clinical research output and practical-implementation which would save precious 
human life. 

Keyword-Dielectric properties, breast tissue, phantom, breast model, polynomial fitting, linear 
regression analysis. 

I. INTRODUCTION 

Biological tissues are multifarious blend of various materials and quantities such as water, ions, membranes and 
macromolecules with a broad variety of profiles. Human breast is a complex biological tissue. Fig. 1 shows an 
image of breast with associated tissues, such as glandular, adipose and fibrous tissues etc [1].  

Adipose tissues are the fatty tissues of the breast. The glandular tissue is usually dense and lumpy because of the 
presence of mammary glands, lobules and ducts. Fibrous tissues connect the adipose and glandular tissues and 
also balance the density of the breast. Breast cancer is a prominent disease among women worldwide. It usually 
crops up in the mammary ducts or in the tiny lobules. Initially, the presence of cancer is called tumor and it adds 
up another layer of tissue within the breast. 

     Each tissue type has their respective dielectric properties which are used by the biomedical engineers to make 
the artificial models or phantoms. Usually the tissue dielectric properties are: conductivity (S/m), permittivity 
(F/m) and permeability (H/m). Since tissues are non-magnetic, therefore, their permeability is assumed to be the 
same as that in free space [2], which is negligible. So, researchers use permittivity and conductivity to make 
breast phantoms, which mimic the behavior of breast. Phantoms are used to investigate electric field response 
through it by means of transmitted and received signals. So, the behavior of actual tissues in static and time 
dependent electric fields needs to be known clearly. Hence, phantoms must be developed with correct dielectric 
properties. 

     Debye [3] and Cole-Cole models [4-5] are considered to be the basis for modeling dielectric properties of 
human breast for making breast phantoms [6-15]. Debye model is used when single frequency is considered for 
modeling of dielectric values. But Cole–Cole model extends over a wide range of frequency scales than Debye 
model. Whether Cole-Cole or Debye theoretical modes are in use, gap exists between research to research 
followed by analytical and practical values.  
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Based on the dielectric properties in Debye and Cole-Cole models [3-5], many breast phantoms have been 
developed numerically [6-12] and practically [13-15]. One of the numerical phantoms using first order or single 
relaxation Debye model [3] presented in [6] considered permittivity values of breast skin, adipose, glandular and 
tumor tissue layers at UWB center frequency of 6 GHz. This numerical model is very close to the experimental 
phantom model presented in [13] for the whole UWB range including the same 6 GHz center frequency. Here 
for each individual homogeneous breast tissue and their corresponding dielectric values were measured in the 
ultra-wide band (UWB) frequency using HP 85070B dielectric probe attached to a vector network analyzer.  
Then breast phantoms were developed for each individual homogeneous breast tissues using their corresponding 
dielectric values. Though the considered dielectric properties in [6] and [13] are similar, still there exists a gap 
which needs to be mended for a realistic phantom model development, and this is the aim of this paper. 

 

Fig.  1. Different types of breast tissues [1] 

In this paper, a polynomial fitting approach is used to propose an analytical model to reduce the gap between 
the theoretical [6] and experimental [13] breast model results in terms of absolute permittivity. 

 

II. FIRST ORDER OR SINGLE RELAXATION DEBYE MODEL DETAILS 

Dielectric relaxation is the response of a dielectric medium under the influence of an external electric field in 
microwave frequencies. It is an exponential decay of the polarization in a dielectric medium after the removal of 
the applied electric field. This phenomenon has an important effect in determining the permittivity of the 
medium, which characterize the dispersive and lossy nature of breast tissues. The analytical permittivity model 
is shown in Equation (1) and the related conductivity model is presented in Equations (2-3). The polarization of 
the medium is relaxed towards the steady state as a first order process characterized by a single time constant  τ. 

																																															ε* ൌ ε'‐jε''                             (1) 

Here ε'  is the real part and ε'' is the imaginary part that represents the dielectric loss factor. The complex 
conductivity is, 

																																						σ ൌ σ'  jωεε'	                            (2) 

Where, ω	is the angular frequency and the real part of conductivityσᇱ is related to the loss factor 	ε''as: 

ᇱᇱߝ																																														 ൌ
ఙᇲ

ఠఌబ
                             (3) 

The Equation (4) showing the relationship between single relaxation time τ and permittivity is called first order 
Debye model. 

∗ߝ																																													 ൌ ஶߝ 	
ሺߝ௦ െ ஶሻߝ

1  ݆߱߬
																											ሺ4ሻ 

Where, εୱ and ε∞ are the low and high frequency constraints of the dielectric constant respectively. A simple 
and comprehensive derivation of Equation (4) is provided in Appendix A. Process described by Equation (4) can 
be separated into real and imaginary parts as follows, 

ᇱߝ																								 ൌ ∞ߝ 	
ሺఌೞିఌ∞ሻ

ଵାሺఠఛሻమ					
																																																					(5) 

 

																																										ε'' ൌ
൫க౩‐க∞൯னத

ଵାሺனதሻమ
                (6) 

The centre relaxation frequency,		fୡ	is related to relaxation time τ as follows 

																																														fୡ ൌ 1 ሺ2πτሻ⁄                 (7) 
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      Because of the current flow, as group of ions move under the influence of a regular field, the effect of static 
conductivity, σs, is included in the Debye model, Equation (4) as, 

 

																								ε* ൌ ε∞ 	
൫க౩‐க∞൯

ଵା୨னத
‐j

౩
னகబ

  (8) 
 

Rearrangement gives, 
 

ε* ൌ ε∞ 	
൫க౩‐க∞൯

ଵାሺனதሻమ
‐j ቂ

൫க౩‐க∞൯னத

ଵାሺனதሻమ


౩
னகబ

ቃ               (9) 
 

Equations (1 and 9) are similar and comparable. 

For a special case: f ൌ fୡ and ωτ = 1, Equation (9) becomes, 
 

													ε* ൌ 	
ሺக౩ାக∞ሻ

ଶ
‐j ቂ

൫க౩‐க∞൯

ଶ


౩
னகబ

ቃ    (10) 

 

Here, we observed that the real part is the mean value for low (or static) and high frequency permittivity. The 
imaginary part is the combination of static, infinite frequency permittivity and the static conductivity. In the 
absence of static conductivity we have, 

 

ߝ												 ′ ൌ
ఌೞାఌ∞
ଶ
																																																											(11) 

 

And 

 
 

ᇱᇱߝ															 ൌ
௦ߝ െ ஶߝ

2
																																																																									ሺ12ሻ 

 

For a material that possesses non-linear relaxation process with a range of spectral shapes, Cole-Cole 
mathematical formulation is then used [4, 5]. The mathematical formulations for the Cole-Cole model are shown 
in Equations (13-15), 

 

ሺ߱ሻߝ ൌ ∞ߝ 
ሺఌೞିఌ∞ሻ

ଵାሺఠఛሻభషഀ
       (13) 

 

ε,ሺωሻ ൌ ε∞  ൫εୱ‐ε∞൯
ଵାሺனதሻభ‐ಉୱ୧୬ቀ

భ
మ
ቁ

ଵାଶሺனதሻభ‐ಉୱ୧୬ቀ
భ
మ
ቁାሺனதሻమሺభ‐ಉሻ				

     (14) 

 

ε''ሺωሻ ൌ ൫εୱ‐ε∞൯
ሺனதሻభ‐ಉୡ୭ୱቀ

భ
మ
ቁ

ଵାଶሺனதሻభ‐ಉୱ୧୬ቀ
భ
మ
ቁାሺனதሻమሺభ‐ಉሻ

   (15) 

 

Exponent parameter α, in the above equations, takes a value between 0 and 1, which allows describing different 
spectral shapes. For biological materials, α ranges from 0.3 to 0.5. When α = 0, the Cole-Cole model becomes 
the first order Debye relaxation model, which is considered in this paper and its application to derive breast 
tissue dielectric values towards theoretical breast phantom [6] development is presented in the following section. 

 

III. NUMERICAL BREAST PHANTOM USING THEORETICAL DIELECTRIC VALUES 

Converse et al. [6] developed an anatomically realistic two-dimensional (2-D) finite-difference time-domain 
(FDTD) breast phantom model to simulate the absorbed Electro-Magnetic (EM) power density distributions. 
They used Debye parameter set of the human breast tissues from Equation (9) for skin, breast fat, glandular and 
tumor at 6 GHz UWB center frequency to calculate their respective absolute permittivity values. These values 
are shown in Table I with associated parameters accordingly. 
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TABLE I 
Debye Parameters at 6 GHz UWB Centre Frequency [6] 

Medium 
Debye Parameter Values 

Absolute 
Permittivity 

 ࢿ τ (ps) ࢙࣌ ࢙ࢿ ஶࢿ

Skin 4.00 37.00 1.10 7.37 36.62 

Tumor 3.99 54.00 0.70 7.23 52.75 

Normal Breast Tissue  (More 
Fat) 

6.57 16.29 0.23 7.0 15.96 

Normal Breast (More Gland) 5.28 35.14 0.46 7.0 34.42 

To observe the characteristics of Debye equation (Equation (16)) or to validate whether the considered center 
frequency 6 GHz is appropriate or not, we have used the following parameters from Table I for fatty tissues to 
calculate the real part of complex permittivity vs. frequency using Matlab and shown in Fig. 2. 

௦ߝ ൌ 16.29, ஶߝ	 ൌ 6.57, 	 ݂ ൌ ௦ߪ	and	ݖܪܩ	6 ൌ 0.23 

It shows that the real part of complex permittivity has amplitude of 0.5 (the solid line) when operating with 
relaxation or center frequency,  f is 6 GHz (Fig. 2) and either less or greater than 0.5 for other frequencies (2, 4, 
and 8 GHz). This result satisfies Equation (16), which states that relative permittivity value at relaxation 
frequency (center frequency) is average of low and high frequency permittivity values.  It is also clear from this 
figure that the model in [6] is valid for 6 GHz only. If we consider relaxation for other frequencies then the 
slope of the curve will be changed and the results will not be accurate as well. 
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Fig. 2. Behaviour of real part of complex permittivity. 

 

IV. EXPERIMENTAL BREAST PHANTOM 

Porter, et al. [13] developed practical heterogeneous phantoms by considering individual homogeneous 
phantoms for fat, skin, gland and tumor initially. Relative permittivity and conductivity for each phantom were 
measured at UWB microwave frequencies. They also described a proper methodology and procedure to merge 
four phantoms into a single hemispherical breast phantom to make it heterogeneous. The final heterogeneous 
breast phantom comprised of 2mm layer of skin enveloping a mixture of fat, gland and one or more tumors. It 
has a radius of 0.65 mm with 0.015 mm tumor inside the gland. For comparison with numerical model in [6], we 
have considered the permittivity values in this work [13] at 6 GHz UWB center frequency only. Table 2 shows 
the permittivity values of breast tissues considered by Porter (the detail measurement procedure and values can 
be found in [13]). 

It is apparent from Table I and II that the absolute permittivity values of Debye and Porter models are 
different showing some gap between them. The formulation to mend this gap is presented in the next section. 
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TABLE II 
Porter Parameters at 6 GHz UWB Centre Frequency [13] 

Medium Absolute Permittivity 

 ࢿ

Skin 33.53 

Tumor 50.30 

Fatty Breast Tissue 13.48 

Fibro Glandular Tissue 33.86 

 

V. POLYNOMIAL FITTING OF DEBYE MODEL 

In this section we have compared the theoretical absolute permittivity values [6] to the corresponding 
experimental values [13] to obtain an analytical model (polynomial fit) to mend their gap.  

For this purpose, we need to determine the statistical correlation between the permittivity results shown in 
Tables I and II to substantiate modelling the data. So, we have considered absolute permittivity values in Table I 
and Table II as x and y respectively. Then, correlation coefficients have been found by Pearson correlation 
equation [16] using Matlab. Pearson correlation coefficient,	Γ୶୷ between two sets of data x and y is given as, 

 

																				Γ௫௬ ൌ
,ݔሺݒܥ ሻݕ
௬ߪ௫ߪ

																																																																	ሺ16ሻ 

Where, Covሺx, yሻ is the covariance of x and y, ߪ௫is the standard deviation in x, σ୷ is the standard deviation in y. 
Equation (16) can be equally used to calculate correlation coefficient between similar sets of data, i.e. between x 
and x ,	Γ୶୶ or y and y, Γ୷୷. 

The correlation test result in terms of matrix is shown in Equation (17). The detail analytical derivation to 
obtain Equation (17) is shown in Appendix B. 

												Γ ൌ 
Γ௫௫Γ௫௬
Γ௬௫Γ௬௬

൨ 

 

Which is 

     Γ ൌ ቂ 1									0.9973
0.9973									1					

ቃ                                  (17) 

The diagonal matrix elements correspond to the perfect correlation of each variable with itself which is equal to 
1. The off-diagonal elements are approximately equal to 1, signifying that there is a strong statistical and linear 
correlation between the two sets of data in Table I and Table II. We fit this data sets and evaluate the polynomial 
equaton of the regression curve using polyfit command in Matlab shown in Equation (18). 

 

ሻݔሺ																						 ൌ ݔ0.9978 െ 2.0687																																															(18) 

 

Where P(x) is the proposed permittivity value (the new realistic one), x is the Debye model value in Table I. 
The regression curve of Equation (18) is shown in Fig. 3, which fits very closely with the desired permittivity 
values in Table II; thus indicating the usefulness of our polynomial fitting model. 

         The slope (0.9978) and intecept constant (-2.0687) in Equation(18) are obtained using  Least Square (LS) 
fitting criteria (polyfit, command in Matlab) as follows, 

 

ሾ, ሿݏ 	ൌ ,ݔሺݐ݂݅ݕ݈	 ,ݕ ݊ሻ 
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Where, x is the Debye model value in Table I, y are the corresponding experiental values in Table II and n is the 
order of the polynomial. This command determines the coefficients for a  polynomial P(x)of degree n that fits 
the data x with y, using least squares logic.The outcome of polyfit is a row vector of length n+1 containing the 
polynomial coefficients in descending powers. The second output 's' is a structure which is used to find error 
estimates in conjuction with the polyval command in Matlab. We tested with n=1, because of good correlation 
results of correlation matrix in Equation (17). 

     In [17] simple formulations have been derived to transform least square logics into covariances for finding 
slope and intercepts. Appendix C is provided to illustrate the evaluation of slope and intercept constant values in 
Equation (18). 

      To obtain new permittivity values, we used Matlab, command polyval as: 

ሾݕ, ሿܽݐ݈݁݀ 	ൌ ,ሺ݈ܽݒݕ݈	 ,ݔ  ሻݏ
Here, delta is estimate of the standard deviation of the error in predicting a future observation at x by P(x). With 
polyval we have obtained the new (targeted) values of polynomial P(x) (i.e., the desired permittivity values) for 
diffferent values of x and presented in Table III. 

It can be seen from Table III that the desired permittivity values obtained from proposed regression analytical 
model are very accurate compared to that of original 1st order Debye equation. The last entry in Table III 
however shows an error value greater than its counterpart old Debye value. The reason for this is that, in [6] 
different breast models have been used for different proportion of adipose and glandular content. Changing to 
some other breast model for glandular, could improve the error without effecting the result of others. 
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Fig.3. Polynomial fit to provide approximation of the Debye data 

TABLE III 
Comparison of New and Old Debye Model Values 

Medium 

Experimental 
Permittivity 
Values [13] 

 
(a) 

First Order Debye 
Model Permittivity 

Values [6] 

(b) 

% Error 

ࢇ| െ |࢈

ࢇ
ൈ  

Proposed 
Permittivity 

Values 
Using 

Equation 
(18) 

(c) 

% Error 

ࢇ| െ |ࢉ

ࢇ
ൈ  

Skin 33.53 36.62 9.21 34.47 2.80 

Tumor 50.30 52.75 4.87 50.56 0.51 

Fatty Breast 
Tissue 

13.48 15.96 18.39 13.85 2.74 

Fibro Glandular 
Tissue 

33.86 34.42 1.65 32.27 4.68 

Table III shows that percentage errors of skin, tumor, fatty and fibro glandular breast tissues permittivity 
values for Debye [6], experimental [13] and proposed analytical models. Average percentage error considering 
all the four breast tissues permittivity values are 8.53% and 2.63%  for [6] and our proposed model compared to 
the experimental one. Thus our proposed model exhibits less average error with better accuracy and usefulness. 
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VI. CONCLUSION 

This paper proposes an analytical polynomial fitting model(viz. improved first order relaxation Debye model) to 
bridge the gap between experimental and analytical 1st order Debye permittivity values for breast tissues at 6 
GHz UWB centre frequency. This new polynomial fitting model efficiently reduces the gap by reducing the 
relative error approximately 5.9%. Hence the proposed model could be very useful to determine real-like breast 
tissue permittivity values directly without wasting further investigation time duration. Presently, we are working 
to extend the fitting analysis for the whole UWB frequency range. 
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APPENDIX A 

The transient response of single time constant can be depicted as in Fig. A.1 

 
 

Fig. A.1. Transient response of a dielectric medium 

In Fig. A.1, D is the electric displacement. This can be written as, 

D ൌ Dஶ  ሺD െ Dஶሻ ቀ1 െ ݁ି
౪
ಜቁ .ܣ																																								 1 

Here 

τ is the relaxation time constant 

t  is the time axis 

D is the final value of D 

Dஶ is the initial value of 	D 

According to the definition,  

 
D ൌ ε∗εE																																																																																	ܣ. 2 

 
	Dஶ ൌ εஶεE																																																																												ܣ. 3 

 
	D ൌ εୱεE																																																																														ܣ. 4 

 

Where 

ε*	is the complex relative permittivity 

 is the steady state (static) relative permittivity	௦ߝ

 is the relative permittivity at infinite frequency	ஶߝ

Using A.2 to A.3, we can re-write A.1 as, 

ܧߝ∗ߝ ൌ ܧߝஶߝ  ሺߝ௦ߝܧ െ ሻܧߝஶߝ ቀ1 െ ݁ି
౪
ಜቁ .ܣ											 5 

 
 

On simplification, we get, 

∗ߝ ൌ ஶߝ  ሺߝ௦ െ ஶሻߝ െ ሺߝ௦ െ ஶሻ݁ߝ
ି
౪
ಜ																													ܣ. 6 

Time, t (s)

Electric 
displacement 

(C/m2) 
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Converting 	A. 6 into Laplace transform(s) for frequency domain, we get (for t > 0), 
 

∗ߝ

ݏ
ൌ
ஶߝ
ݏ

ሺߝ௦ െ ஶሻߝ

ݏ
െ
ሺߝ௦ െ ஶሻߝ

ݏ  1 ߬ൗ
.ܣ																																										 7 

 
 

Multiplying 	A. 7 by s and after re-arrangement, we get 
 

∗ߝ ൌ ∞ߝ 	
ሺߝ௦ െ ሻ∞ߝ

1  ݆߱߬
.ܣ																																																																 8 

 
 

Equation ܣ. 8	is the first order or single relaxation Debye model equation. 

APPENDIX B 

The data set available from Table I and Table II is, 

x  =  [36.62  52.75 15.96  34.42] 

y  =  [33.53  50.30  13.48  33.86] 

The length of dataset, n = 4 here. 

Using the definitions in [16], correlation coefficients are given by, 

 

Γ௫௬ ൌ
,ݔሺݒܥ ሻݕ
௬ߪ௫ߪ

.ܤ																																																																								 1 

Γ௫௫ ൌ
,ݔሺݒܥ ሻݔ
௫ߪ௫ߪ

.ܤ																																																																								 2 

Γ௬௬ ൌ
,ݕሺݒܥ ሻݕ
௬ߪ௬ߪ

.ܤ																																																																								 3 

 
Where 

,ݔሺݒܥ ሻݕ ൌݔݕ



ୀଵ

െ
1
݊
ݔݕ



ୀଵ



ୀଵ

.ܤ																																	 4 

 
 

Standard deviation of x, 
 

௫ߪ ൌ ඩݔଶ െ
1
݊
൭ݔ



ୀଵ

൱

ଶ

ୀଵ

.ܤ																																																		 5 

 
Standard deviation of y, 
 

௬ߪ ൌ ඩݕଶ െ
1
݊
൭ݕ



ୀଵ

൱

ଶ

ୀଵ

.ܤ																																																		 6 

,ݔሺݒܥ ሻݔ ൌ 	ݔݔ



ୀଵ

െ
1
݊
ݔݔ



ୀଵ



ୀଵ

.ܤ																																	 7 

 

,ݕሺݒܥ ሻݕ ൌݕݕ



ୀଵ

െ
1
݊
ݕݕ



ୀଵ



ୀଵ

.ܤ																																		 8 

 
 

Substituting the values of x and y into Equations (B. 4) to (B. 8), we obtain the following results, 
 

,ݔሺݒܥ ሻݕ ൌ  9.	ܤ																																																													679.0437
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௫ߪ											 ൌ .ܤ																																																																26.0870 10 
 

௬ߪ							 ൌ .ܤ																																																																				26.0992 11 
 

,ݔሺݒܥ								 ሻݔ ൌ .ܤ																																																			680.5293 12 
 

,ݕሺݒܥ				 ሻݕ ൌ .ܤ																																																							681.1687 13 
 

Using the results from Equations (B.9) to (B.13) in Equations (B.1) to (B.3) we obtain the required values of 
correlation coefficients, as, 

Γ௫௫ ൌ 1, Γ௬௬ ൌ 1 
Γ௫௬ ൌ 0.9973, Γ௬௫ ൌ 0.9973 
 
Hence correlation coefficient matrix becomes 
 

Γ ൌ 
Γ௫௫Γ௫௬
Γ௬௫Γ௬௬

൨ 

 
Which is 
 

Γ ൌ ቂ 1									0.9973
0.9973									1					

ቃ .ܤ																																																												 14 

 
 

APPENDIX C 

The data set available from Table I and Table II is, 

x  = [36.62 52.75 15.96  34.42] 

y  = [33.53  50.30  13.48  33.86] 

According to [17] slope and intercept of a polynomial equation for linear regression is given as follows, 

slope, m→ 
 

݉ ൌ
,ݔሺݒܥ ሻݕ

௫ଶߪ
.ܥ																																																																												 1 

 
 

Using results from Appendix B, slope is found to be equal to, 
݉ ൌ .ܥ																																																																																		0.9978 2 

 
Similarly according to [17], the intercept term, b, is given as, 
 

ܾ ൌ ොݕ െ݉ݔො																																																																																	ܥ. 3 
 

where 
ොݕ ൌ ሻݕሺ݂	݁ݑ݈ܽݒ	݊ܽ݁݉ ൌ .ܥ																																						32.7925 4 

 
and 

ොݔ ൌ ሻݔሺ	݂	݁ݑ݈ܽݒ	݊ܽ݁݉ ൌ .ܥ																																					34.9375 5 
 
Substituting Equations (C. 2), (C. 4) and (C. 5) in Equation (C. 3), we get the value of intercept, b, as 

ܾ ൌ െ2.0687																																																																															ܥ. 6 
 
Hence,  the model equation is 

ܲሺݔሻ ൌ ݔ݉  .ܥ																																																																											ܾ 7 
	

	ܲሺݔሻ ൌ ݔ0.9978 െ .ܥ																																																					2.0687 8 
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