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ABSTRACT
This paper describes the approximation of discrete data using splines. The approximation method is adapted from the
Chebyshev approximation. The procedures to find a set of extreme points for incoming discrete data are proposed. Several
algorithms using cubic spline and Lagrange polynomial are proposed to diffrentiate the results due to the number of iteration,
total number of the set of extreme points and error generated. The results show that the error generated decreases as the total

number of extreme points increase. Six extreme points can represent one hundred of points and the generated error can be

decreased. However, the algorithm presented uses more number of extreme points and will cause an increase in the total

number of iterations.
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1 INTRODUCTION

Many engineering applications involve signal processing
when analysing the incoming discrete data such as in the
robotics motion design and speech waveform data. The
resulting motion or moving frames of the robot can be
represented by splines. The unimportant or non-critical data
movement can be reduced or approximated to reduce memory
space. The model of a frame of speech data can also be
achieved using splines. The speech model involves data that is
determined by their frequencies. The high peaks of the
frequencies become the critical data and should be considered
in the approximation.

The approximation of data is related to data compression.
In data compression, Chebyshev approximation has a close
relation with common interpolation methods such as spline [1].
The Chebyshev approximation of spline is a good solution to
approximate the incoming data.

Spline is the most significant method that is applied into the
approximation concept and numerical analysis. Splines have
good computational properties such as compact representation
and computational stability. For example, data collected by
sensor readings or non polynomial discrete functions which
require curve fitting need to be approximated or interpolated by
splines to be analysed for further studies. In general, curve
fitting problems occur in signal processing, graphics, statistical
analysis and in geometric modeling. Data compression needs
the extreme points that can control the approximation function
to perform a similar approximate data according to actual data.
The reader can refer to papers which examined the capabilities
of spline approximation in the representation of speech spectra
[2], image interpolation [3], [4], hysterisis loops [5] and
scattered data [6].

Splines have the most attractive properties [7] because splines
can be divided into several segments which can prevent the
function from oscillating too far from the reference axis. Another
important consideration is that such representations are more
numerically stable and usually computational. Nevertheless, using
splines as the method in Chebyshev approximation will affect the
non-linear approximation system [1]. The approximation will be
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more complicated and complex. Therefore, it is important to
analyse the characteristics of approximation functions in order to
have the best approximation of data.

Interpolation and approximation are two different concepts
of analysis when analysing incoming data. The interpolation
function should pass the exact values of the discrete function.
Diversely, approximation conveys a simpler function with less
number of data to express the entire set of real data. Thus, the
approximation creates error that differentiates the correct data
from the approximation data. Error has to be measured for the
determination of appropriate approximation [8].

2 REVIEW OF PREVIOUS WORKS

Curve fitting can be used on many applications to refer to
the behaviour of data [9], [6], [10]. The effectiveness of the
approximation function is determined by the minimum number
of knots which describes the behavior of data and present less
error between real data and approximation data. These knots are
the extreme points which can control the approximation
function to perform a similar approximate data according to
actual data.

Many different data fitting algorithms have been developed
to satisfy the criteria needs for an approximation function.
Haruki and Horiuchi [4] applied data fitting by the spline
function which uses the least square approximation.

Then, computing quantities and errors are examined and the
effectiveness and the potential of their approaches are
described. This includes the methods that sequentially removes
knots and is known as data reduction. The knot will be removed
eventually until the approximate function can tolerate between
the number of knots presenting the data and error generated.

Kitson [11] evaluated a new technique used in geometric
modeling with classical signal processing perspective. The
volume of data for high accuracy linear approximate is
overwhelming and needs an efficient interpolation/reduction
algorithm. His approach introduced three steps of data reduction
strategy including Rank, Remove and Approximate. Rank is
used to determine an order of knot removal where Remove
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determines the number of knots to actually remove.
Approximate then computes an approximation that is usually
calculated in least square sense.

Competing algorithms start with essentially no knots and
build up the approximating function by adding a knot. Park [1]
modified the equation used by Parks arid McClellan [12] on
designing digital filter using Chebyshev approximation. The
algorithms using polynomial approximation and Chebyshev of
free knot polynomial spline is being developed and the
comparison of using both methods is demonstrated using FIR
filter implementation.

This paper will focus on the initialisation of several number
of knots and the algorithm will iterate until the best set of knots is
acquired which represents a set of data known as extreme points.
The error generated will be analysed to determine how good the
algorithms approximated the real data. The discussion is
extended by showing the relation between the total numbers of
extreme points and total iteration that is needed for convergence.

3 BACKGROUND THEORY
3.1 Chebyshev Approximation

Assuming the incoming data is in discrete domain and
given fln] is defined as real data, g[A,n] is the approximate data
and ¢@[n] are basis function defined on n = [b,, b_]. f[n] can
be approximated as

gg[A,n,] =ag[n)+..+ag(n]=>ap[n 0

Commonly, the values of the function f[n] are not equal to the
values of the corresponding g[A,n] for every n € [b,, b,], if not
g[A,n] is the identical function f[n] [11]. According to the
aproximation function and real data, the Chebyshev error
norm, is estimated as

5=max|f[n]—g[A,n]| )

Adapting the Chebyshev approximation method and the
alternation theorem a set of extreme points can be determined.
The error norm is maximum at a set of extreme points.
Therefore, the error is equal at any extreme points. The
algorithms begin by introducing initial discrete extreme points
and try to get the best approximation for those points. The
algorithms iterate until all the parameters of the approximation
function converge. From the best approximation, an error
function between the original points and approximations can
be obtained. Adapting the Chebyshev approximation, the
Chebyshev criteria is satisfied; the mathematical descriptions
of the best solution in approximation are as follows;

1. There are k+1 alternation points (at points when slope is
equal to zero)
b, = n,<n,<...<n,,, = b,

2. Forany ne[b,b,],1f[n]-glAn]ll<d

3. If[n]-glAn]l=fori=12, .., k+1

4. Af [n] = AglA,n] only for n =n,, n, ..., n,

where n,’s are the alternation points and is the estimated optimal
error corresponding to the set of n.’s.

From equation (2) and (3) Park [1] has shown that the matrix
Equation related to the basis function, the errors and the
coefficient of Chebyshev approximation in discrete domain as
below:

G| @alndl galm| - grlm] —I ay flml
Silma|  dalma|  dalnal Orlm 1 ay flmal

: : : : —1 S :
Gilma| @alnal galnal Grlmrai] |1 i) =]

The algorithm begins by initialising the set of n,’s. Then the
parameters & and (a,, a,, - - - , a,) will be estimated using the
above equation. Using a,, a,, . . ., a, the approximation
function g[A, n] will be generated and a new set of ni’s will be
obtained by checking new alternation of error function. The
iteration continue until the set of n’s is converged. The
algorithm for the above equation becomes more complicated if
the non-linear method is applied. The error curve interpolates
n+2 points where IE(f)l = 18] and it may create n+3, n+4, or n+5
extreme points [12]. If the error curve is greater that n+2
extreme points, the set of extreme points can be chosen by the
search procedure.

3.2 Lagrange Interpolation

Lagrange interpolation involves finding a polynomial of
order n that passes through the n+l points. Lagrangian
interpolating polynomial is given by;

J(x) =2 L (x)f(x) “
i=0

where n in f(x) stands for the n” order polynomial that

approximates the function y = f{x) given at (n+1) data points as

(X0, ¥0, x1, y1, ..., xn-1, yn-1, xn, yn and

Lix)= IT x=x/x-x, )
=0, j#i

L, (x) is a weighting function that includes a product of (n-1)

terms with terms of j = i omitted.

3.3 Splines

A spline s(x) of order n defined over an interval [X,,, Xpul
is composed of sections of polynomial curves p,(x) of degree n- 1
joined together at k fixed points in the interval. Splines are
good for representing a smooth curve y = s(x) or data generated
from a smooth curve over a fixed interval. Splines are
extremely flexible and can be used to approximate any smooth
curve to a given accuracy by choosing sucient number of knots
or a high enough order (degree) [13]. Thus, splines can be used
to represent very large sets of data. In the splines
approximation, the order of the splines is chosen for further
computation. For a wide set of knots, the fourth order spline
known as cubic spline is the most common choice [14]. The
equation defining a cubic spline can be obtained on each
piecewise interval. Each P(x) is in the form of

Pix) = o + €00-x) + &, ()™ Ci(xmx)° (0)
where ¢’s are the coecients of the cubic splines on each interval
and x; is the values of x between two intervals. Since spline
present lower order, it has much greater flexibility in fixing the

number and location of the interior. More knots are needed in
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regions where the curve underlying the data is rapidly
changing, fewer knots where the curve is relatively smooth.
Spline is expected to be more flexible and able to follow the
pattern of the data more closely.

3.4 Determining The Extreme Points

The extreme points play an important role to determine the
maximum values. The extreme points are determined by
finding those points when the function changes sign. The start
and end points are always assigned as extreme points. In a
continuous domain, the function changes sign when the
derivative of the function is equal to zero. The second
derivative needs to be less or equal than zero because there is
a possibility that the points is an inflection point. However, in
discrete system there is no derivative concept to determine
extremes at the alternation points. Therefore, the modification
of finding an extreme will be changed [1]. Forward difference
and backward difference have been used in discrete domain to
achieve the same results of extreme points. In discrete domain,
there are possibilities that the points are not co-located because
the extreme points may not be selected during sampling.
However, there are possibilities that the differences are zeros.
When the first differences is zero, the extreme points are
checked whether they are the inflection points or not.

Af[nei]Vf[neiJ <0 (7)

when Vf I:nei:l =0,then Af |:I’lek1 ]Vf |:}’l2H:| <0

and when 47 [n% ] =0,then Af [ngm]vf ["e,“] <0

Discreteness also affects the possible choice of extreme points.
It eliminates the possibility of finding better extreme points
because it is limited to values on the sampling grid. In discrete
system, the values between the grids are ignored, thus creating
bounding errors that effect the approximation as a valid solution.

4 ALGORITHM

This paper developes new algorithms by applying the
simple Chebyshev error norm using Equation (2). Hence, the
matrix derived by Park [1] in Equation (3) is not used. For
several numbers of extreme points, the Equation (3)
approaches ill-condition and becomes an unbalance matrix [1].
Using this new method, the iteration is simpler but there is no
guidance on the total number of extreme points.

This paper proposes the algorithm that consists of two
parts. The first part is to estimate the difference between actual
data and approximate data. The method that is used in this first
part will minimise the difference of data. The second part is to
find an approximation function based on the difference
between actual data and approximate data. This part will
estimate the location of the extreme points according to the
error generated between the actual data and approximate data.
The methods that are used in this second part are very
important to get the best approximation of data. Using
Lagrange polynomial as the approximation method will cause
the set of the extreme points to be unique. This means that the
actual data can be represented by a set of the extreme points.
The error generated also has linear characteristics.
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Since spline has non-linear characteristics, the set of
extreme points are not unique. This means that the actual data
can be represented by several approximation functions.
However, each of the approximation function using different
sets of the extreme points will generate different values of
errors. The restriction of the algorithm is the approximation
function of the extreme points and are only defined at given
grids sampling.

A wide area of data is defined on n € [b,b,]. Figure 1
shows that the Algorithm-1 starts by initialising a set of
extreme points for i =2, 3, ..., k where the first and the last
extreme points are fixed at and. Then, the set of extreme
points are approximated by using cubic splines. From
equation (2), an estimated error & is obtained. Since the

Initialisation of
extreme points

Approrimate points with
cubic spline

Get absolute error, &

Correct values of
extreme points

l

Interpolate new values
with lagrange methods

l

Obtain error function between
actual data and lagrange function

!

Obtain new
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Extreme
points
converged?
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stopping
criteria ?

Figure 1: Flow chart of Algorithm-1

algorithm needs to follow Chebyshev characteristics, the
values of approximated data at the set of extreme points are
corrected by adding and subtracting & repeatedly. Then, the
new values of the extreme points are approximated using
Lagrange interpolation. From the approximate values of the
Lagrange polynomial, the error function e[n] between
approximate and real data is obtained. The error function will
follow the distribution of Chebyshev error norm. From the
error function e[n], a new set of extreme points can be
obtained with the rule in the section discussed before. The
algorithm is repeated until the set of extreme points
converged. If the algorithm does not converge, the algorithm
is modified by adding a stopping criteria. The stopping
criterion stops the algorithm if the approximation keep
iterating at the same set of extreme points.
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Figure 2: Flow chart of Algorithm-2
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Figure 3: Flow chart of Algorithm-3

The algorithm is modified by choosing a combination of
cubic splines and Lagrange polynomial to generate the new
algorithms of the approximation data. Figure 2 shows that the
Algorithm-2 uses Lagrange polynomial to estimate the absolute
error d and interpolate the error function. Figure 3 shows that the
Algorithm-3 uses Lagrange polynomial to estimate absolute error
6 and cubic spline to interpolate the error function. Figure 4
shows that the Agorithm-4 uses cubic spline to estimate absolute
error and interpolate the error function. The best approximation
of real data can be achieved by using suitable combi-nation
methods of estimated error d and estimated the set of extreme
points. Different algorithms will result in difference sets of
extreme points and difference in behavior of error function. The
algorithms are implemented using MATLAB v 6.1.

5 RESULT AND DISCUSSION

A non polynomial function f [n] = sin (2r(n-50)/100 is
defined at n=[0, 100]. This function applies to generate a group
of specific data. However, it is also can be applied to generate
data of any type mathematical functions such as trigonometric
and hyperbolic function. Beside all this, it has certain limitation
that must be considered namely, random data. The algorithm
applies the same function and the same number of total initial
extreme points with the algorithm that was developed by Park
[11]. Thus, the results including the set of extreme points and
error generated can be compared for further discussions. The
itera-tion starts with a set of extreme points {0, 10, 20, 30, 40,
100}. The algorithms fix the number of extreme points. The
first and last of the extreme points are the starting and ending
points of the data. For Lagrange interpolation, the error norm is

Initialisation of
extremal points

Approximate extreme
points with cubic splines

Get absolute error, &

Correct values of
extreme points

!

Approximate new values
with cubic splines

!

Obtain new error between actual
data and approximate data

.

Obtain new
local extremes

Extreme
points
converged?

Best approximation
(unigue solutiot)

no

Fulfill
stopping
criteria ?

ves
Hon undgue solution

Figure 4: Flow chart of Algorithm-4
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Table 1: Results for Algorithm-1

means that the algorithms generate the best approximation
solution. The maximum error & is 0.0347. Compared to
algorithms generated by Park [1] this algorithm provides less
iteration hence having smaller error norms. The iterative results
of Chebyshev approximation are shown in Figures 5, 6 and 7.
The maximum error 8 is decreased during the iteration thus, the
differences between the actual data and the approximate data
are closer. The differences can be compared from the first
iteration and second iteration in Figures 5 and 6. Figure 8 shows
that the generated error satisfies the Chebyshev criteria. Table 2
shows that for the Algorithm-2, from the 5" iteration until
infinity the set of extreme points keep iterating at two different
sets of extreme points {0, 15, 38, 62, 85, 100} and {0, 14, 37,
63, 86, 100}. The values of Chebyshev error norm for these
points are 0.0177 and 0.0159. The approximate data at the 5*
Error Function
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Figure 8: Error function after convergence

Table 2: Results for Algorithm-2

No of iteration Extreme points Absolute error
1 01020 30 40 100 0.3956
2 05193485100 0.2970
3 07236193 100 0.1016
4 09356791 100 0.0410
4 011 36 64 89 100 0.0379
5 012 36 64 88 100 0.0347
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Figure 5: First iteration of Algorithm-1
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Figure 6: Second iteration of Algorithm-1
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Figure 7: After sixth iteration of Algorithm-1

presented in least squared sense. In Algorithm-1 the extreme
points are successfully converged at the 6th iteration at {0, 12,
36, 64, 88, 100}. The overall results are shown in Table 1. It
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No of iteration Extreme points Absolute error
1 01020 30 40 100 0.5599
2 05193485100 0.0931
3 07236193100 0.0224
4 010 36 66 89 100 0.0135
5 01538 62 85 100 0.0177
6 014 37 63 86 100 0.0159
7 01538 62 85 100 0.0177
8 014 37 63 86 100 0.0159
9 01538 62 85 100 0.0177

Chebyshev Appreximation
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o extreme point H : : : :

— approximate data

L sctusl det=
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15 i | i i i i i i i
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Figure 9: Fifth iteration of algorithm-2
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Figure 10: Error function after convergence

Table 3: Results for Algorithm-3

No of iteration

Extreme points

Absolute error

O 00 N O W kR W N =

—_ = e = e e
wm A WD = O

16

01020 30 40 100
07203278100
07215489100
09366994 100
06255793100
09407295100
06275892100
09427395100
06285991 100
08437394100
05275991100
09417394100
06275891100
09427394100
06275891100
09427394100

0.5599
0.0766
0.0237
0.0171
0.0184
0.0159
0.0155
0.0167
0.0143
0.0152
.0170

0.0160
0.0157
0.0157
0.0157
0.0157

shows the error function after convergence at 5* iteration which
is similar to the results after convergence at 6" iteration.

The results of Algorithm-3 that is shown in Table 3 shows
that from the 13" iteration until infinity the set of extreme
points keep iterating at two different sets of extreme points {0,
6,27,58,91, 100} and {0, 9, 42, 73, 94, 100}. Figures 11 and
12 show the 13™ and the 14" iteration of Chebyshev
approximation of Algorithm-3. The values of maximum error
for these points are 0.0157. The generated errors of the
algorithm are shown in Figures 13 and 14. This is partly due to
the constraint of discrete intervals while choosing the new
extreme points. The extreme points at the 13" and 14" look
unfamiliar to each other and have many differences. The
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Figure 12: 14th iteration of Algorithm-3
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iteration is closer to the actual data because the maximum error
is smaller than at the 6" iteration. This is partly due to the
constraint of discrete intervals while choosing the new extreme
points. Thus, the iteration is being modified because both of the
extreme points are similar. Figure 9 shows the result of the 5"
iteration which is similar to that of the 6" iteration. Figure 10

Chebyshev Approximation
T T T T T T T T T
O extreme point H H H : H
11— approximats data || H H P H
— actual data ] ! A N
08 . - : ; H ; \
1 4 L ¢
L : ! e
04 : : : :
0z
= : :
L i
0.4 \‘-’\ : :
\ H
08 % i
0.8 XN
i i i i i i i i i

0 10 20 30 40 50 60 70 80 90 100

Figure 11: 13th iteration of algorithm-3
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Figure 13: Error function after 13th iteration
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Figure 14: Error function after 14th iteration
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algorithm is being modified and is stopped if the algorithms
keep iterating at the same points. Although both sets having the
same absolute error, the Chebyshev approximation results are
totally different. The error function is interpolated by splines
function. As splines having non-linear characteristics,
algorithms generate non unique solution. However, compared
to Algorithm-1 and Algorithm-2, the maximum error norm
obtained by Algorithm-3 is smaller.

In Algorithm-4, cubic spline is used to estimate § and
approximate error function. Table 4 shows that from the 7™
iteration until infinity the set of extreme points keep iterating at
three different sets of extreme points {0, 9, 33, 67, 91, 100},

Table 4: Results for Algorithm-4

No of iteration Extreme points Absolute error
1 01020 30 40 100 0.3956
2 072149 87 100 0.1924
3 08 28 59 89 100 0.1899
4 010 35 66 90 100 0.0866
5 08307092 100 0.0368
6 07376393 100 0.0174
7 09336791100 0.0579
8 08287292100 0.0285
9 07386293 100 0.0105
10 09336791 100 0.0647
11 08287292100 0.0285
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Figure 15: 8th iteration of Algorithm-3
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Figure 16: 9th iteration of Algorithm-3
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Figure 17: 10th iteration of Algorithm-3
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Figure 18: Error function after 8th iteration
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Figure 19: Error function after 9th iteration

{0, 8,28,72,92, 100} and {0, 7, 38, 62, 93, 100} resulting in a
maximum error at 0.0647, 0.0285 and 0.0105. Figures 15, 16
and 17 show that the Chebyshev approximation results after the
8", 9™ and 10" iteration. The algorithm can be modified by
adding the stopping procedure. From Figure 18 shows that error
norm of a set of extreme points {0, 9, 33, 67, 91, 100} does
satisfy the Chebyshev criteria. However, the other error norm in
Figures 19 and 20 does not satify the Chebyshev criteria and the
algorithm creates non unique solution. Thus, the set of extreme
points {0, 9, 33, 67, 91, 100} can be implemented for practical
application.

Using the cubic spline to approximate the data causes the
estimated absolute error § to be smaller rather than using
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Lagrange polynomial. However, using cubic spline in
determining the set of extreme points causes the approximation
to be non-unique solutions. The approximate data can still be
achieved but it creates several approximation functions using
different sets of extreme points and error generated.

The initial extreme points do not affect the result of the
algorithms to get the same set of extreme points. However the
approach to get better extreme points will reduce the number of
sequence the algorithm needs to converge. Figure 21 shows the
number of iteration of the algorithms can be reduced as
maximum error norm if total extreme points are increased.
However, at certain number of extreme points, the number of
iteration will rise if total extreme points are increased. Thus,
application of Chebyshev approximation should compromise

between total extreme points and the error generated. The
relation between the absolute error and number of iteration for
each algorithm is shown in Figure 22.

In signal processing, the total number of extreme points are
related to the amount of memory space while the total
iterations are correlated to the computation time. Since the total
iteration and the computation time are increased, the algorithm
is not quite applicable for real time system. If the Chebyshev
norm error becomes the critical part of the application, the
system needs to tolerate with computation time. If the
computation time and memory space are not the constraints of
the system, total number of extreme points can be increased.
Thus, the Chebyshev error norm will be reduced.

These algorithms have no guidance on the number of total
extreme points. The example used in the algorithms needs at
least five extreme points, otherwise it will not converge. This
means that the behavior of data cannot be represented by a
smaller number of extreme points. Thus, the use of the
algorithms may be restricted on random data because it needs
a greater number of extreme points. Data reduction procedure
has better performance to approximate random data. If the
algorithms do not converge, it does not mean that the
algorithms are cannot be used. The algorithms still can be
applied. However, the Chebyshev error norm is not unique,
thus generating Chebyshev error norm as correction factor may
not be practical.

6 CONCLUSION

The algorithms of the spline approximation are presented in
this paper. The study obviously showed that the Chebyshev
approximation with spline that involves the total number of the
set of extreme points plays a major role in determining the best
approximation of discrete data. This is useful for data
compression that is required for high level signal processing.
The best approximation is determined by a set of extreme points
that presents less error. The results show that the error generated
decreases as the total number of extreme points increase.
However, the algorithm that uses more number of extreme
points will cause an increment of the total number of iteration.
From the Chebyshev approximation of spline, the most
important results are a set of extreme points that controls the
approximation function of data and the generated errors. If the
error function satisfies the Chebyshev criteria, the error function
can be used as a correction factor to correct the approximate
data, and the actual data can be achieved using much less
number of data which are extreme points and the absolute error
5. In terms of engineering application, this means that besides
having the entire data, the data compression that uses
Chebyshev approximation for application such as robotic
motion and speech model can be extracted using a set of
extreme points. The generated error can also produce similar
quality data.
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